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Abstract 
The contact between particles is an important task in simulating the behaviour of particle assemblies. 
Conventionally, the dissipative contribution to the normal contact force is described by viscoelastic damping, 
where the concept of the constant coefficient of restitution (COR) is extensively explored in Discrete 
Element Method (DEM) simulations. From the previous studies it is known that different models provide 
different time-histories during the contact even for the equal values of the COR. 
In the present investigation, a comparative study of various nonlinear damping models for spherical 
particles is given on the basis of dimensional analysis. The research aims to demonstrate how the differences 
observed in a single particle collision contribute to the collective behaviour of particles in multi-particle 
systems and thereby affect the sensitivity of DEM results for various damping models. The selected samples 
of 3D granular flows have been solved numerically to illustrate the contribution of the damping models to 
the dynamic behaviour during the impact. The current report presents the results obtained in studying the 
behaviour of particles during the filling of a hopper, the discharge and the motion of the particles on the 
bottom-plane of a rectangular box. Moreover, the most popular nonlinear damping models reported by Lee 
and Herrmann, Brilliantov, Tsuji and modified Tsuji models have been examined. The results of the present 
study allow us to define basic tendencies observed, when various models are applied.  
 
© 2014 The Authors. Published by Elsevier Ltd. 
 
 
*Corresponding author. E-mail address:  rimantas.kacianauskas@vgtu.lt 
© 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Selection and peer-review under responsibility of Chinese Society of Particuology, Institute of Process Engineering, Chinese Academy 
of Sciences (CAS)
1416   Rimantas Kačianauskas et al. /  Procedia Engineering  102 ( 2015 )  1415 – 1425 
Keywords: Spherical Particle; DEM, Viscoelastic Damping; Normal Coefficient of Restitution 
 
1. Introduction 
The Discrete Element Method (DEM) is a numerical method based on Lagrangian approach applicable to 
the simulation of dynamic multi-particle systems. The motion of a particle is defined according to Newton’s 
laws of classical mechanics. Particles are treated as deformable contacting bodies of various sizes, shapes 
and materials. All dynamic parameters (e. g. position, velocity, orientation, etc.) of each particle are obtained 
by integration of ordinary differential equations of motion. Tracing of each particle moving from position t 
to position t + Δt in time is performed incrementally, where a small step Δt is indirectly provided. 
The macroscopic behaviour of a system of particles highly depends on the inter-particle contact 
behaviour during binary collisions, therefore, a description of the contact between particles is a particularly 
important task in simulating the behaviour of particle assemblies by the DEM. Elastic, or deformation, laws 
are well understood, however, the interpretation of the dissipative behaviour is more complicated. Energy 
dissipation on the inter-particle scale, or meso-scale, can occur because of the degradation of the material 
properties of particles. Contact models extensively applied in DEM calculations may be found in the 
comprehensive reviews [1, 2] and references herein.  
Since direct evaluation of the physically adjustable macroscopic dissipative constants of the material is 
extremely difficult, the concept of the coefficient of restitution (COR) is extensively explored. The COR is a 
parameter, whose value is relatively easily accessible during an impact experiment. In order to adjust the 
coefficients of the models, the experimental data are required. The COR values could be obtained based on 
the data obtained in the single particle impact tests. The results of earlier investigation are also reported in [3, 
4, 5, 6]. The problem for theoretical and experimental studies of the single dissipative contact has been 
reviewed by Stevens and Hrenya [7], Kruggel-Emden et al. [8] and [9]. 
Generally, the coefficient of restitution is a complex integral parameter reflecting not only complex 
dissipative (visco-elastic-plastic-degradation) properties of a particular material, but also some other system 
specific factors [10]. The different definitions of the COR could be used [11]. An elasticity-dependent 
damping rather than the force term presents the simplest case of the dissipative contact, where the damping 
constant as a function of the coefficient of restitution was considered in [12, 13, 14]. The evaluation of 
localized dissipation in the case of plastic deformation is probably the most clearly issue discovered in the 
context of continuum plasticity [15, 16, 17]. 
Concerning DEM simulation of granular materials, the coefficient of restitution (COR) is a parameter 
used to describe the viscoelastic, or velocity-dependent dissipative, properties of particles. Viscoelastic 
models assume that energy is dissipating during a collision because of the internal friction of material 
without any plastic deformation. In most of the earlier DEM studies, the contact was treated using a 
completely linear model [18, 19]. This model, consisting of a linear spring and linear dashpot system, was 
not able to account for the dependence of the COR on variable impact velocities. Later, various dissipative 
models employing the nonlinear Hertz contact were proposed by Lee and Herrmann [20], Brilliantov et al. 
[21], Kuwabara and Kono [22] and Tsuji et al. [23], and these models were widely used in DEM analysis. 
The problem of using the models for viscoelastic damping in the DEM simulations is still under 
discussion. It is obvious that, in some cases, the above models demonstrate unrealistic behaviour and are 
characterized by exhibiting the artificial attractive force, which has an influence on the quality of the 
simulation results. In attempt to avoid the physically incorrect attraction force, a modified Tsuji model has 
been considered by Hu et al. [24]. A new contact force model exhibiting similar hysteresis damping has been 
recently derived by Gharib and Hurmuzlu [25]. This model was formulated based on another approach and 
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suggests the correlation between the coefficient of restitution in the impulse-momentum based method and 
the contact stiffness in the compliance methods, which is limited for low values of the COR.  
The data show that the coefficient of restitution is strongly dependent on the initial displacement rate rate 
v0. With the increase of the initial displacement rate, the coefficient of restitution decreases. Additionally, to 
achieve a good agreement between model and experimental data, the variation of the collision time, 
depending on the displacement rate, should be considered in the model. The variation of the coefficient of 
normal restitution of the colliding viscoelastic spheres as a function of the impact velocity is also proven 
analytically [26, 27, 28]. Based on the experimental data from the literature, the new models are adjusted for 
different materials and the results are compared with commonly used models [29]. The developed models 
can be incorporated into the framework of the time-driven discrete element simulation as the models for 
normal collisions with plastic or viscoelastic deformations.  In spite of considerable effort, some 
uncertainties in the evaluation of the dissipative contact behaviour still remain. The inconsistency of 
damping models has been extensively considered in the latest references. Specifically, the focus on the 
parameters used for resolution of the normal contact forces, in particular, on those used in the linear-spring-
dashpot (LSD) model and the non-linear Hertzian-spring-dashpot (HSD) model is placed in [30]. Various 
aspects of damping models used in DEM simulations, and the contribution of the COR to the behaviour of 
the systems of the particles were investigated by several authors [25] and [31, 32, 33]. 
The critical assessment and the comparative study of selected characteristic models of spherical particles 
are given in the present investigation. Moreover, the linear and the most popular nonlinear damping models 
reported by Lee and Herrmann, Brilliantov, Tsuji and modified Tsuji models have been examined. The main 
purpose of the research is to demonstrate how the differences observed in a single particle collision 
contribute to the collective behaviour of particles in multi-particle systems, thereby affecting the sensitivity 
of DEM results of various damping models.  
The selected 3D granular flow samples have been solved numerically to illustrate the contribution of the 
damping models to the dynamic behaviour during the impact. The current report presents the results 
obtained in studying the behaviour of particles during the discharge of a hopper and the motion of particles 
on a bottom-plane. The results of the present study allow us to define the main tendencies observed, when 
various viscoelastic damping force models are applied. 
2. Contact models and basic relationships  
2.1. Modelling approach 
 A spherical particle, having the radius R, the density ρ and, consequently, the mass m is considered. The 
moving particle contacts the target, a sphere with the radius Rtar or half-space, where Rtar = ∞. The elasticity 
properties of the particle are defined by the Young’s modulus E and the Poisson’s ratio ν. The target 
properties are defined in the same manner by the parameters ρtar, Etar and νtar, respectively. The particle-
target system is characterized by the effective mass    1 11 ,eff tarm m m    the effective radius 
   1 11eff tarR R R   , and the effective elasticity modulus        1 1 11 1eff tar tarE E EQ Q       of 
the contacting partners. 
The motion of an arbitrary particle is considered in the framework of classical mechanics. The 
translational 1D motion during the contact with the fixed target in time t is described by the position of the 
particle’s mass centre and characterised by the value of the overlap h(t). The translational velocity is given 
as     d dv t h t h t = / , while acceleration is   2 2d dh t h t= / . Thus, the governing equation describing the 
motion of the particle during contact is a second-order ordinary differential equation written as follows: 
   nmh t F t    (1) 
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If the particles touch the target at time t = 0 at the impact velocity vo, the initial conditions are as follows:  
   00 , 0 0h v h     (2) 
The force Fn acting in the centre of the particle is expressed in terms of the elastic and viscous damping 
components. The elastic contribution is governed by a reversible relationship between the repulsive elastic 
forces neF  and displacement h as follows:  
2
ne effF K h
D   (3) 
If the normal contact is defined using the Hertz contact theory, the power factor is 1/ 2D  . The 
nonlinear contact stiffness  4 3eff eff effK E R D  is predefined by effective parameters. 
The viscoelastic damping behaviour of the colliding partners is governed by a relationship between force 
ndF  and velocity h . This relationship is defined by the total damping parameter C as follows:  
 ndF C h h    (4) 
The damping parameter C reflects not only viscous but also elastic properties of both colliding partners, 
their geometry, and even factors of the heuristic origin yielding, finally, explicitly specified expressions for 
the total damping constant  , , ,...C C m K h .Facing the above difficulties in distinguish physically 
adjustable damping constants, the concept of the coefficient of restitution (COR) is employed for evaluating 
the damping properties. Referring to the classical definition of the kinematic coefficient of restitution [11], 
the normal COR en can be defined as a quantity, which relates the normal component of particle velocity 
before and after collision. It is defined as:  
  0/n ce h T v    (5) 
Here,  ch T  is the rebound velocity after the collision time Tc. 
Evaluation of the relationship between the damping constant C and the COR is the problem of primary 
importance. If the damping constant C is known, the evaluation of the COR according to (5) is rather simple. 
The rebound velocity  ch T  could be obtained by solving Eq. (1) with the initial conditions as stated by 
equation (2). In most of the practical cases, the opposite situation occurs. The values of the coefficient of 
restitution are known from experiments, and the evaluation of the damping constant is required. The detailed 
analysis [8] showed that in order to model the interactions in granular materials, two parameters, the 
averaged coefficient of restitution and averaged collision time should be obtained from the experiment. The 
role of the COR will be studied here in the context of a unified approach applied to different damping 
models. Non-dimensional forms of equation (1) and condition (2) will be derived on the basis of a scaling 
approach presented in [34] and [35]. 
2.2. Dimensional analysis 
To illustrate the issue, four selected representative models of viscoelastic damping (the list could be 
easily extended) will be studied. Each of the models will be denoted hereafter by subscript k, which stands 
for the logical variable with the available values k (k = LH, BR, TS, MTS), denoting the Lee-Hermann, 
Brilliantov, Tsuji and modified Tsuji models, respectively. Logically, it is easy to find that each of the 
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models k is constructed on a different basis. For characterization of damping models, the dimensional 
damping constant ,k k initC C  in (4) may be expressed as a product of two factors:  
   , , ,n nk init k unk k specC e C e C   (6) 
Here, ,k unkC  is the model-specific damping constant required to be found as a function of the COR. The 
second term ,k specC  presents the explicitly defined part of the damping constant.  
Further, we assume that any damping constant may depend on the effective mass of the colliding partners, 
meff  , the contact stiffness, Keff, the impact velocity, v0, and the coefficient of restitution, en. Additionally, it 
may vary during contact and depends on the value of the overlap height h (t). 
By applying the dimensional analysis, the equation (1), as well as the damping constant defined by 
expression (6), may be presented in terms of the non-dimensional variables. This approach would be useful 
hereafter to describe and compare various models.  
Basing on the above notations, we suggest a general expression for decomposition (6):  
           0 0 0, ,kh kh khkm km kkK kv kK kv kK km veff eff eff efn nk k unk k spef effc effc m K v h t c m K v h t c m ve K he tE E O OO GG GE O GE   (7) 
The left-hand term stands for the final expression ,k k finalC C . Here, the model specific dimensionless 
damping constant is denoted by a lower case letter ck, which is decomposed into the specified factor ,k specc  
and the restitution dependent factor  , nk unkc e . The power factors βkj as well as λkj, δkj reflect the 
contribution of each parameter, while the subscript j is a logical variable (j = m. K, v, h) denoting the 
respective parameter. It is easy to observe that the restriction kj kj kjE O G   follows from decomposition (7). 
It could be proved that the dimension of any quantity should be properly retained. Denoting the 
dimensions in brackets, each can be expressed in terms of dimensions of mass [M], length [L] and time [T]. 
Consequently, the dimension of the force is expressed by a combination of primary dimensions as 
> @ > @ > @ > @1 1 2F M L T  , the dimension of the velocity is expressed as > @ > @ > @ > @0 1 1v M L T  , while the damping 
constant C has the dimension > @ > @ > @ > @1 0 1C M L T  .  
Now, it is easy to find that the definition of the damping constant in terms of the model parameters is not 
arbitrary, but power factors follow the logic of dimensional analysis. The following restriction on the 
combination of power factors in (7) should be valid for each of primary dimensions. Selecting all indices for 
the primary variables, the new restriction is obtained:  
> @  > @  > @ M L T1;  0;  1kj kj kjj j j
j j j
E E E     ¦ ¦ ¦   (8) 
It follows from the above expressions (6) – (8), that the relationship between the total damping constant 
Ck and the coefficient of restitution  nk kC C e  is replaced with the non-dimensional 
relationship  , , nk unk k unkc c e . This goal may be achieved by applying the following algorithm: 
x Definition of the damping constant according to (6); 
x Reformulation of the dimensional equation (1):  
1420   Rimantas Kačianauskas et al. /  Procedia Engineering  102 ( 2015 )  1415 – 1425 
       2 22 0eff unk speceff
eff eff
K C C td h t dh t
m h t
m K dtdt
D­ ½§ ·° °    ¨ ¸® ¾¨ ¸° °© ¹¯ ¿
 (9) 
x Definition of non-dimensional variables by scaling the length /h h H  with the length 
parameter   0, , ,eff effH m K v h t , and time /t t T  with   0, , ,eff effT m K v h t ; 
x Transformation of the dimensional equation (9) into a non-dimensional form with non-dimensional 
stiffness k  and damping    n nunkc e c e : 
       2 22 0nd h t dh tk h t c e dtdt D     (10) 
x Evaluation of relative damping  nc e  by solving the inverse problem using (10); 
x Evaluation of the total damping  nC e  for the specified value of en according to (6). 
2.3. The analysis of the selected models 
The described unified approach will be applied to the selected damping models. Then each of the models 
is scaled by the length parameter H = maxh  and by the time parameter max 0/cT T h v  , which are equal to 
the maximum overlap and to the collision time of elastic collision. Considering the elastic Hertz contact with 
1/ 2D  , these factors are:  
2 52 52
0
0
5 5
4 4
//
eff eff
max c
eff
m v m
h ;T
K K v
§ ·§ · ¨ ¸   ¨ ¸¨ ¸ ¨ ¸© ¹ © ¹
  (11) 
Table 1. Data for various damping models 
Viscoelastic 
damping model 
Initial  expression of the total 
damping constant ,k initC  
Expression of the 
unknown  damping 
constant ,k unknC  
Final  expression of the total damping 
constant ,k finalC  
Lee and Hermann 
(LH) [24] , ,LH init LH un effkC C m  , 2/5 2/5 10, /5LH unk eff eLH nk ffuC c m K v  1/5, , 02//5 53LH final LH unk ef efffC c K vm  
Brilliantov 
 (BR) [25] 
1/ 2
, , ( )BR init BR unk effC C K h t  1/5, 02/52/5, BR unk effBR unk effC c K vm    1/ 2 1/5, , 02/5 3/5 ( )BR final BR unk eff effC hK vtc m   
Tsuji (TS) [27]  1/ 4, , 1/2 1/2 ( )TS init TS unk eff effC c K h tm  ,, TS unkTS unkC c   1/ 4, , 1/2 1/2 ( )TS final TS unk eff effC c K h tm  
Modified Tsuji  
(MTS)  [28]   2/3 1, 0, ( )MTS unkMTS init effC c K h vt   ,, MTS unkMTS unkC c   2/3 1, , 0( )MTS final MTS unk effC K h t vc   
The final expressions of the damping constants are summarized in Table 1, where the explicit expressions 
of the damping constant,  , ,nk init eC h ,  , ,nk unkn eC h  and   , k nk final c eC , extracted from (7), are presented in 
separate columns. 
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3. Damping models in simulation of a multi-particle system   
3.1. Particle data of numerical simulation  
The effect of damping models was demonstrated by considering the illustrative sample of the granular 
flow. The properties and experimental data of stainless steel particles reported by Stevens and Hrenya [7] 
will be used in our numerical simulations. The size of a spherical particle is defined by the diameter 
d = 0.0254 m. The properties of the particles material are characterized by density ρ = 7830 kg/m3, Young's 
modulus E = 193 GPa and Poisson's ratio ν = 0.35. The identical material properties were assigned to the 
walls of container. The tangential properties are beyond the scope of our investigation, nevertheless, the 
friction coefficient μ = 0.1 was imposed to characterize the contacts between the particles and between the  
Fig. 1.  Geometry of the container (a) and particles at the end of filling of container (b) 
particles and the walls. 
All damping models were fitted to produce the same value of the coefficient of restitution. Omitting the 
details of the experimental data, analysis the final value en = 0.79 was used in our simulation. The highest 
predictable velocity was chosen as 4.0 m/s. It is worth knowing in advance that this value presents the 
highest velocity expected, when particles fall from the hopper (Fig. 1a, position P1) and reach the bottom 
wall of the filling box (Fig. 1a, position P2). 
The above data were applied to evaluate damping properties. Four different non-dimensional equations 
(10) were formulated, and the values of non-dimensional damping constants  0.79nk k ec c    were 
obtained as follows 0.127LHc  , 0.211BRc  , 0.168TSc   and 0.434MTSc  . Finally, four dimensional 
damping constants ,k unknC  were calculated according to the expressions provided in Table 1.  
3.2. Problem formulation 
The mono-sized granular assembly composed of 7587 spherical visco-elastic non-cohesive particles is 
considered numerically by applying a conventional DEM approach, where the particles, positions, velocity 
and other variables are tracked in time during the DEM simulations. The normal contact between two 
particles is described by viscoelastic model as described above, the while the elastic-frictional contact is 
assumed to be in tangential direction. Tangential damping and rolling friction are neglected. The simulation 
was performed in two stages. In the framework of the current investigation, filling of the upper container is 
a b
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considered as compacting of material for proper simulation of the discharge. The main focus of our task is 
on the discharge flow of the material from the upper container and piling it into the lower container. 
The characteristic dimension of the outlet D = 0.15 m, which is related to the maximal diameter d of the 
particle as D ≈ 6d. The size of a spherical particle to be defined by the diameter d = 0.0254 m. The thickness 
of the hopper at the bottom is assumed to be B ≈ 20d. Other dimensions of the hopper can be found in Fig. 
1a, while the lower box is defined by the height 0.50 m and in-plane dimensions 2.0×1.2 m.  
The granular flow is designed by the following sequence. At the beginning of the analysis, the particles 
were generated at random positions in a cubic volume above the hopper with no overlap between the 
particles. The particles fall down from the hopper to the box by the action of gravity acceleration. The 
simulation of filling the hopper continued 0.5 s. The indicator of the quasi-static state was the zero total 
kinetic energy of granular material. In order to of better understand the particles flow, the volume of the 
filled particles was divided into differently coloured layers (Fig. 1b) to track their distribution. The discharge 
process was simulated by instantly opening the orifice and allowing for free falling of the particles. 
3.3. Numerical results and discussion 
One of the frequently used indicators of the granular flow is the variation of kinetic energy. This indicator 
was used to illustrate the differences between damping models. Kinetic energy variation was shown in Fig. 2 
and will be used for characterization of different damping models during the particles flow. In Fig. 2, one 
can see how it is affected by various damping model. The graph reflects various stages of the particles flow. 
The first stage of the particle’s flow lasts for t1=0.36 s (Fig. 2) and is characterized by the hopper discharge 
and free fall of particles. At this time, the role of the damping force is insignificant, while all damping 
models yield almost the same results. When particles reach the bottom of the box, they continue to move 
towards the walls. This kind of motion continues until the full stop.  
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Fig. 2. The variation of kinetic energy during the discharge and piling of particles for various damping models 
Particles undergo the recurrent contacts leading to energy dissipation. The graph in Fig. 2 shows that 
different damping models yield differences of dissipated energy. The highest energy lost is associated with 
the LH model, while the lowest dissipation appears in the case of using MTS damping model. BR and TS 
models demonstrate kinetic energy distribution between the earlier described types. The above differences 
may be attributed to the differences in describing a mechanism of energy losses. 
The maximum differences between the amounts of kinetic energy, observed in simulation performed by 
using different damping models permanently increase in time. At time instant t3 = 2.0 s, the highest 
difference 61% was obtained. The qualitative differences in the behaviour of particles described by various 
damping models are shown in Fig 3 by considering the state of particles at the time instant t2 = 1.5 s, where 
the positions and velocities of particles are given. The values of the velocities, m/s, are shown by different 
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colours. Higher contribution of damping yielded by the LH model (Fig. 3b) compared to that of the MTS 
model (fig. 3a) is indicated by a larger particles height in the hopper and higher concentration of particles at 
the walls of the box. The colours confirms that the highest predicted velocities equal to 4.0 m/s can be 
observed in the falling particles just before the contact with the bottom. In the case of the LH model, most of 
the particles on the bottom plane stay still, while the use of MTS model demonstrate lower energy loss, 
while most of the particles are still moving, and boundary of the particles at rest just starts to form in the 
vicinity of the box edges. The differences between the damping models are clearly illustrated in Fig. 4 by the 
final pattern of the particles at rest. The velocity of the particles also affects and particles distribution. Fig. 4 
shows the end of simulation, giving obvious evidence of different distribution of the particles. The higher 
the energy loss, the quicker the particles stops to move and form boundary. 
The empty space in the centre indicates that the LH model forces the system to form a smoother particles 
layer, than layer when MTS damping model was used. This phenomenon is crucial in the material mixing 
simulation and, therefore critical assessment of the influence of the damping models should be critically 
assessed in solving the problems of this type. 
Fig. 3. A snapshot of the particles positions and velocities at time instant t3 = 1.5 s plotted for the MTS (a) and LH (b) damping models. 
Fig. 4. A snapshot of the particles positions at the end of the discharge at time instant (t4 = 2.5 s) for the MTS (a) and LH (b) damping 
models, where the coloury scale shows the initial position of particles layer in the hopper before the discharge (see Fig. 1a). 
4.  Conclusions 
Theoretical analysis and numerical simulation presented demonstrate how various damping models can 
be compared. The suggested unified approach, using the dimensional analysis, presents a theoretical basis 
for the above comparison. Theoretical predictions have been confirmed by the simulation during discharge 
of the particles from a hopper into a box, demonstrating the contribution of different normal damping 
a b
a b
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models to the overall particle behaviour. It has been found that, when using the same value of the normal 
coefficient of restitution is used, the highest damping values are yielded by the Lee and Hermann model, 
while the Modified Tsuji model demonstrates the lowest energy loss. The Brilliantov model characterised by 
average values of the velocities with respect to uncertainty limits. 
Acknowledgements 
This research was funded by a grant (No. Nr. MIP-072/2013) from the Research Council of Lithuania and 
by Vilnius Gediminas technical university. 
References 
[1] A. Džiugys, B. Peters, An approach to simulate the motion of spherical and non-spherical fuel particles in combustion chambers, 
Granul. Matter. 3 (2001) 231–266. 
[2] H. Zhu, Z. Zhou, R. Yang, A.B. Yu, Discrete particle simulation of particulate systems: theoretical developments, Chem. Eng. Sci. 
62 (2007) 3378–3396. 
[3] L. Labous, A.A. Rosato, R.R. Dave, Measurements of collisional properties of spheres using high-speed video analysis, Phys. Rev. 
E. 56 (1997) 5717–5725. 
[4] A. Kharaz, D. Gorham, A. Salman, An experimental study of the elastic rebound of spheres, Powder Technol. (2001) 281–291. 
[5] R. Seifried, B. Hu, P. Eberhard, Numerical and Experimental Investigation of Radial Impacts on a Half-Circular Plate, (2003) 265–
281. 
[6] H. Minamoto, S. Kawamura, Effects of material strain rate sensitivity in low speed impact between two identical spheres, Int. J. 
Impact Eng. 36 (2009) 680–686. 
[7] A.B. Stevens, C.M. Hrenya, Comparison of soft-sphere models to measurements of collision properties during normal impacts, 
Powder Technol. 154 (2005) 99–109. 
[8] H. Kruggel-Emden, E. Simsek, S. Rickelt, S. Wirtz, V. Scherer, Review and extension of normal force models for the Discrete 
Element Method, Powder Technol. 171 (2007) 157–173. 
[9] M. Pasha, S. Dogbe, C. Hare, A. Hassanpour, M. Ghadiri, A linear model of elasto-plastic and adhesive contact deformation, 
Granul. Matter. 16 (2014) 151–162. 
[10] K.A. Ismail, W.J. Stronge, Impact of Viscoplastic Bodies: Dissipation and Restitution, J. Appl. Mech. 75 (2008) 061011. 
[11] G. Gilardi, I. Sharf, Literature survey of contact dynamics modelling, Mech. Mach. Theory. 37 (2002) 1213–1239. 
[12] F.R.E. Hunt, K. H., Crossley, Coefficient of restitution interpreted as damping in vibroimpact, J. Appl. Mech. 7 (1975) 440–445. 
[13] D.E. Marhefka, D. W., Orin, A Compliant Contact Model with Nonlinear Damping for Simulation of Robotic Systems, IEEE 
Trans. Syst. MAN, Cybern. A Syst. HUMANS. 29 (1999) 566–572. 
[14] Y. Gonthier, J. McPhee, C. Lange, J.-C. Piedbœuf, A Regularized Contact Model with Asymmetric Damping and Dwell-Time 
Dependent Friction, Multibody Syst. Dyn. 11 (2004) 209–233. 
[15] C. Thornton, Coefficient of restitution for collinear collisions of elastic-perfectly plastic spheres, J. Appl. Mech. (1997). 
[16] X. Zhang, L. Vu-Quoc, Modeling the dependence of the coefficient of restitution on the impact velocity in elasto-plastic collisions, 
Int. J. Impact Eng. 27 (2002) 317–341. 
[17] C. Wu, L. Li, C. Thornton, Rebound behaviour of spheres for plastic impacts, Int. J. Impact Eng. 28 (2003) 929–946. 
[18] S. Luding, Molecular Dynamics Simulations of Granular Materials, in: H. Hinrichsen, D. Wolf (Eds.), Phys. Granul. Media, 
Wiley-VCH Verlag GmbH & Co. KGaA, 2005: pp. 297–324. 
[19] T. Schwager, T. Pöschel, Coefficient of restitution and linear–dashpot model revisited, Granul. Matter. 9 (2007) 465–469. 
[20] J. Lee, H. Herrmann, Angle of repose and angle of marginal stability: molecular dynamics of granular particles, J. Phys. A. Math. 
Gen. 26 (1993) 373–383. 
[21] N.V. Brilliantov, F. Spahn, J.-M. Hertzsch, T. Pöschel, Model for collisions in granular gases, Phys. Rev. E. 53 (1996) 5382–5392. 
[22] G. Kuwabara, K. Kono, G. Kawabara, Restitution coefficient in a collision between two spheres, Jpn. J. Appl. Phys. 26 (1987) 
1230–1233. 
[23] Y. Tsuji, T. Tanaka, T. Ishida, Lagrangian numerical simulation of plug flow of cohesionless particles in a horizontal pipe, Powder 
Technol. 71 (1992) 239–250. 
[24] G. Hu, Z. Hu, B. Jian, L. Liu, H. Wan, On the Determination of the Damping Coefficient of Non-linear Spring-dashpot System to 
Model Hertz Contact for Simulation by Discrete Element Method, J. Comput. 6 (2011) 984–988. 
[25] M. Gharib, Y. Hurmuzlu, A New Contact Force Model for Low Coefficient of Restitution Impact, J. Appl. Mech. 79 (2012) 
064506–1 – 064506–5. 
[26] T. Schwager, T. Pöschel, Coefficient of restitution for viscoelastic spheres: The effect of delayed recovery, Phys. Rev. E. 78 
(2008) 051304. 
1425 Rimantas Kačianauskas et al. /  Procedia Engineering  102 ( 2015 )  1415 – 1425 
[27] M. Montaine, M. Heckel, C. Kruelle, T. Schwager, T. Pöschel, Coefficient of restitution as a fluctuating quantity, Phys. Rev. E. 84 
(2011) 41306. 
[28] P. Müller, T. Pöschel, Collision of viscoelastic spheres: Compact expressions for the coefficient of normal restitution, Phys. Rev. E. 
84 (2011) 21302. 
[29] H. Kruggel-Emden, S. Wirtz, V. Scherer, Applicable Contact Force Models for the Discrete Element Method: The Single Particle 
Perspective, J. Press. Vessel Technol. 131 (2009) 24001. 
[30] K.F. Malone, B.H. Xu, Determination of contact parameters for discrete element method simulations of granular systems, 
Particuology. 6 (2008) 521–528. 
[31] H.P. Kuo, P.C. Knight, D.J. Parker, Y. Tsuji, M.J. Adams, J.P.K. Seville, The in uence of DEM simulation parameters on the 
particle behaviour in a V-mixer, Chem. Eng. Sci. 57 (2002) 3621–3638. 
[32] S. McNamara, E. Falcon, Simulations of vibrated granular medium with impact-velocity-dependent restitution coefficient, Phys. 
Rev. E. 71 (2005) 31302. 
[33] F. Pacheco-Vázquez, S. Dorbolo, Rebound of a confined granular material: combination of a bouncing ball and a granular damper., 
Sci. Rep. 3 (2013) 2158. 
[34] R. Ramírez, T. Pöschel, N. Brilliantov, T. Schwager, Coefficient of restitution of colliding viscoelastic spheres, Phys. Rev. E. 60 
(1999) 24–26. 
[35] T. Pöschel, C. Salueña, T. Schwager, Scaling properties of granular materials, Phys. Rev. E. 64 (2001) 011308.  
